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A Simple and Rigorous Analysis of the
Transmission Properties of a Sector Horn
Junction in a Rectangular Waveguide

Takashi Tsushima, Shuzo Kuwano, Member, IEEE, and Kinchi Kokubun, Member, IEEE

Abstract —Rigorous representations of expansion with a modal func-
tion, reflection and transmission coefficients for the electromagnetic
field at the junction between a sector horn and a rectangular waveguide
are obtained. So far, this problem has been approximately treated by
limiting the mode number of the electromagnetic field expansion or the
flare angle of the horn. In this paper, the electromagnetic fields at the
discontinuity are expanded by a modal function of integer order. As a
result, rigorous solutions are simply obtained by the orthogonality of a
trigonometric function without any qualification. By using the numerical
results with strict accuracy calculated from these representations, the
transmission properties at the junction between a sector horn and a
rectangular waveguide are examined in detail.

1. INTRODUCTION

HE transmission properties of a sector horn junction in

a rectangular waveguide are a basic problem of elements
in microwave hardware. Finding the exact solution of the
sector horn’s properties is important for appreciating the
limit on the generation of higher order modes in the sector
horn junction, because the quantities of higher order modes
generated in the sector horn junction are larger than in
horns with a continuous curvilinear taper [1]-[3].

In former theoretical studies [4]-[6] of the guide-to-taper
junction, some conditions have been attached to modal ex-
pansions of the electromagnetic fields on such a junction and
the flare angles. In [7] Piefke analyzes the properties of the
junction by taking account of higher order modes, but deals
only with horns in which the flare angle is small. Recently a
taper to connect waveguides of different diameters has been
solved accurately by the technique of cascading scattering
matrices and the coupled wave equations [8], but the junc-
tion between a semi-infinite waveguide and a horn [9] cannot
be treated by these methods. On the other hand, Lewin [10]
suggests a rigorous representation to the tapered guide sec-
tion but does not derive the solution. Though a full numeri-
cal analysis based on the finite-element method [11] is very
useful, the computing procedures are onerous.

The sector horn, whose configuration is very simple, is
used so widely that it is desirable to have its properties
clarified easily by applying simple expressions. In this paper
transmission properties of an E-plane and an H-plane sector
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horn junction in a rectangular waveguide are analyzed with-
out restricting the flare angles, the modal expansions of the
electromagnetic fields, etc. Moreover, with the modal func-
tions of the field expansion, simple expressions of the reflec-
tion and transmission coefficients are simply derived. By
using these expressions, the transmission properties of the
junction are clarified in numerical values which are very
accurate.

II. PROPERTIES OF AN E-PLANE SECTOR
HornN JuncTiON

A. The Electromagnetic Fields of Each Region

Fig. 1 shows the structure and coordinate systems of the
junction between an E-plane sector horn with a flare angle
¢, and a rectangular waveguide which has width « and
height b. The incident wave of TE;, mode propagating in
region I of the waveguide is reflected at the discontinuous
section and is transmitted to the horn section of region III,
which is to the right of the arc ACB of the circle centered on
(Y. The fields of regions I and III are expanded in the
rectangular coordinate system (x,y,z) and the cylindrical
coordinate system (ry, . X'), respectively. The fields of
region II (segment ABC) are expanded in the cylindrical
coordinate system (ryj, ¢y, x"). The fields of region I and
others are represented to the modal function of LSE,,, and
TE mode, respectively.

In region I, the field expansion is

. T .
Hl= A sin —xe /Plo*
x 10 a

+ i Almsinzxcosm(y+£)ejﬁ}mz’
m=0 a b 2
m=0,2,4,--- (1)
where
k = wy/egug
Al (2)1(@1)2
clm p b

B{m = \/kz ~(kglm)2 *

In region II, because of being contained within the circle
with a center 0 and a radius b /2, the field is expanded to
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E-plane sector horn junction in a rectangular waveguide and

Fig. 1.
) coordinate systems.

the modal function of integer n as follows:

kis
Hl= Z CoJ,(kMry) cos ney;sin —x', n=0,1,2,-
(2)
where k' =yk? —(m /a)>.
In region II1, the field expansion is
i T
HxI'H =) BIIHV(Z)(kgHrIII) COS veyp Sin —x (3)
n=0 a

where kM =v/k>—(7/a)* and v=2nm /¢, From ex-

pressions (1)-(3), the rest of the field components in region
L 11, and II, that is, (E}. EL, H), H), (EX, EJ, HYL HiLD,
and (EH%I,E(})IIIH,HrII’III,H¢III) are derived, respectively. In
expressions (1)-(3), w, £, and w, are the angular frequency.
the permittivity, and the permeability in free space, respec-
tively. Also, J,, is the Bessel function of the first kind of nth
order and H® is the Hankel function of the second kind of
vth order. A4Y,, A and C, are the amplitudes of the
modal functions.

1> n ’

B. The Amplitudes of the Modal Functions

The boundary conditions of the electromagnetic fields in
regions I, II, and III are as follows. The boundary conditions
at point P on the boundary 4B are

EI-EY, —H!-HL (4)
Similarly, at point Q in the boundary ACB,
ENysin (¢ — éyp) + EquI cos (¢ — dm) = Eéffn (5)
HII HIII

Equations (4) and (5) yield the following expressions for the
amplitudes C,, 4,,,, and B, of each modal function:

P
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for ¢ odd.

Also,
= Al
Aqg= Ay /2— Ay,
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Fig. 2. H-plane sector horn junction in a rectangular waveguide and

coordinate systems.

where

L3 ] = [ R,,][C,]

[5]=] uq]} (12)
m=0,2,4,"-,2t
n=0,1,2,---,¢t } for ¢ odd.
p=1,2,3, ,(t+1)

C. The Power Reflection and Transmission Coefficients

From expressions (10) and (11), the power reflection and

transmission coefficients, that is, R,, and T, are
=R}, m=0
R -—2R,’n, m#()} (13)
=T5/2, m=0
T,=T], m#0 (14)
where
4 2
Blm clO Alm
m ﬂl() clm 110
2
¢0(k 10) B, ) (15)
1, = 2 TR
m( b =) Jo
a

If the number ¢ of terms in the modal expansions in each
region is increased, the accuracy of R,, and 7, is improved.
R, and T, are satisfied with the condition of the following

m

expression:

R+ Y R, |+ (16)
m=2

TO+ Z Tn}:

n=1

II1. PROPERTIES OF AN H -PLANE SECTOR
Horn JuncriON

Fig. 2 shows the structure and coordinate systems of the
junction between an H-plane sector horn with a flare angle
¢, and a rectangular waveguide of width a. The electromag-
netic fields in regions I, II, and III are represented by the
coordinate systems (x,y,z), (ry, éy,¥), and (rypdp, ¥,
respectively. The fields in region 1 and the others are ex-
panded in terms of TE and TM modal function.

In region I, the expansion of the modal function is

w a
H!= icos—(x+—)e*’mz
B a 2

mir
+ Z A cos—(x+2)e133ﬂz (17)
m=1

where m=1,3,5, -+ and B,In=\/k2—(m7r/a)2.

" Similarly, in region II,

El-= Z C,J (kM) cos ney (18)
and in region III,
E;’H — Z BnH,SZ)(k?IrIII) CcOS V¢III (19)

n=0

where n=0,1,2,---, k'=kM =k, and v =Qn+Dm /¢,
In expressions (17)— (19) Al , B,, and C, are the ampli-
tudes of the modal functions. By using express1ons 17n- (19)
the field components in each region, (E, H]), (E}f, Ejy,
HJj, Hyyp), and (B, Eghn, HAL, (inIIIII) are derived. Ac-
cordingly, the amplitudes C,, A4,,, and B, and the power
reflection and transmission coefficients are derived along
lines very similar to the technique of the previous section.
The amplitudes C,,, A4,,, and B, are

k )93

wl—[q][AL [4]= [~ 43,0,0+,0]" (20)

A A+ A4 m=1
AR B P AR L
(21)
[B,]1=[T,,][C,] (22)
where m=1,3,5,,(2t+1), n=071)2"”7t1 p=

1,2,3,---,(t +1), and ¢ is an odd number. Also, the ele-
ments in the matrix of each expression, P,,, O, R,q, an and
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Also, the power reflection and transmission coefficients, R,
and 7, are
1 gL A,[
"o | A
, (26)
2ty (B}, W
" Z2(ka)’Bla| AV TV e

and 7, must satisfy the following expression:

ZR +ZT—1

m=1 n=0

m

(27)

IV. NumEericaL REsuULTS

It is difficult to solve analytically the integrals of (7), (8),
(23), and (24), so we used a numerical integral technique
called the Clenshaw—Curtis method where an absolute and a
relative error are chosen to be zero.

Tables I and II show the convergence of R,, and T, versus
the number N of terms of the modal expansions in each
region for the E-plane and H-plane sector horns. These
values are computed by using the parameters of normalized
frequency ka /m =1.5, where k is the wavenumber in free
space, a flare angle ¢, = 70°, and, particularly for the case of
an E-plane sector horn with the size of the rectangular
waveguide at a=2b. (Ry,T,,T,,T,) and (R, T,T5,Ts) for
the E-plane and H-plane sector horns are the power reflec-
tion coefficient of the dominant mode and the power trans-
mission coefficient of higher order modes, respectively.
Gg=Ry+Ty+T,+T, and Gy =R, + T+ T3+ T5 express
how far expressions (16) and (27) are satisfied. For N = 20,
T, and T, converge to nearly four decimal places; moreover,
G and Gy converge to nearly five decimal places. There-
fore, expressions (16) and (27) are well satisfied.

Figs. 3 and 4 show the frequency properties of the power
reflection and transmission coefficients for an E-plane and
an H-plane sector horn junction. In the characteristic curves
shown in Fig. 3(a) and Fig. 4(a), the constricted parts are
observed at ka /m =(17,65) for the E plane and (3.0,5.0)
for the H plane. There is a constriction yield because the
reflected waves of higher order modes are excited in the
rectangular waveguide at each ka /7 as shown in Fig. 3(b)
and (¢) and Fig. 4(b) and (c). T, and T, decreasec with the
increase of flare angle ¢, as shown in Fig. 3(a) and Fig. 4(a),
but (7,,T,) and (T3, Ts) increase as shown in Fig. 3(b) and (c)
and Fig. 4(b) and (c). In ka /7 < 2.0, if the flare angle is
below about 120°, 7', and 75 are neglected for both junctions
because they are below —25 dB. Therefore, we can treat
these models by considering the dominant mode only. For
example, at ka /7 =15 and ¢, =120° the power transmis-
sion coefficients are T, = 0.9461, T, =0.93x10% and T, =
0.45x1071° for the case of an E-plane sector horn and
T, =0.9957, T, =0.011, and T =0.49 X107 for the case of
an H-plane sector horn. But if ka /# is not less than 2.0 and
the flare angle increases, (7,,7,) and (T5,75) cannot be
neglected. For example, at ka /7 =45 and ¢,=90° the
power transmission coefficients are T = 0.8240, T, = 0.1627,
and T, = 0.56x 10 * for the case of an E-plane sector horn
and T, = 0.8658, T5 = 0.1313, and 75 = 0.0029 for an H-plane
sector horn. These values are computed at N =12 and
satisfied in the extent of error below 0.1%. (R, R,, R,)
and (Ry, R3, R;) increase with an increase in ¢, and for
ka /7 > 2.0 (R, R3, R5) not only vary in complicated fashion
but also reach minima at specific points.

In Fig. 5, for the power reflection coefficient of the domi-
nant mode in the case of an E-plane sector horn, the results
obtained here are compared with the results of [4], for which
the parameters are ¢, =24° and a = 2.25b. There is agree-
ment between the two. A certain discrepancy results from
using the approximate formula for dominant mode and small
flare angle in [4].
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TABLE 1

THE CONVERGENCE PROPERTIES OF THE POWER REFLECTION AND TRANSMISSION COEFFICIENTS
WITH RESPECT TO THE NUMBER N OF TERMS IN THE EXPANSION OF THE MobAaL FUNCTION
FOR AN E-PLANE SECTOR HORN JUNCTION
(ka/m=15,¢q="T70° a=2b)

N Ry (X107Y Ty T, (X1079) T, (x10717) Gg
4 0.2364 0.976170 0.2846 0.980 0.999813
8 0.2336 0.976615 0.2985 0.323 0.999979
12 0.2332 0.976668 0.3005 0.330 0.999994
16 0.2331 0.976684 0.3011 0.332 0.999997
20 0.2330 0.976690 0.3014 0.333 0.999998
TABLE II

TuE CONVERGENCE PROPERTIES OF THE POWER REFLECTION AND TRANSMISSION COEFFICIENTS
wrtH RespecT TO THE NUMBER N OF TERMS IN ExpansioN oF THE MobpaL FuNcTioN
FOR aN H-PLANE SECTOR HORN JUNCTION (ka /7 = 1.5, ¢y = 70°)

N R, (x1072) T, T, (x107%) Ts (x10712) Gy
4 0.16953 0.992784 0.14846 0.8969 0.994494
8 0.18939 0.997838 0.13251 0.3045 0.999745
12 0.19075 0.998027 0.13175 0.2975 0.999947
16 0.19113 0.998057 0.13154 0.2958 0.999982
20 0.19128 0.998066 0.13146 0.2952 0.999992
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Fig. 3. Frequency properties of the power reflection and transmission
coefficients for the case of an E-plane sector horn. (a) Properties of R,
and T,. (b) Properties of R, and T,. (c) Properties of R, and T,.

Fig. 4. Frequency properties of the power reflection and transmission
coefficients for the case of an H-plane sector horn. (a) Properties of R
and T,. (b) Properties of R, and Tj. (c) Properties of Rs and Ts.
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Fig. 5. Comparison between the results in this paper and in [4] with
respect to the power reflection coefficient of the dominant mode for the
case of an E-plane sector horn.
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Fig. 6. Comparison between the results in this paper and in [12] with
respect to the power reflection coefficient of the dominant mode for the
case of an H-plane sector horn.

Similarly, the curves comparing the results in this paper
with the results in [12] for an H-plane sector horn are shown
in Fig. 6, for which the flare angle is ¢,=7°. As ka/m
approaches the cutoff frequency, the difference in the results
becomes large. This too results from the small angle in [12].

V. CONCLUSION -

* Expressions for the transmission properties—the ficld
distribution and reflection and transmission coefficients
—on an E-plane and H-plane sector horn junctions in a
rectangular waveguide are derived without restrictions
on the modal expansion of electromagnetic fields and
the flare angle of the horn.

* For ka /m <20, if the flare angle of the sector horn
does not exceed 120°, one may treat only the dominant
mode. But for ka /m > 2.0 or ¢,>120° higher order
modes cannot be neglected.

* Generally, as the flare angle increases, the reflection
coefficient increases, and for ka /7 > 2.0 the reflection
coefficient varies in a complex manner in the case of an
H-plane sector horn.

* By expanding the field distribution in the junction to
modal functions, investigations of the field distribution

_in the junction or the radiation directivity from the horn
antenna are possible.
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